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We discuss Casimir phenomena which are dominated by long-range fluctua- 
tions. A prime example is given by "geothermal" Casimir phenomena where 
thermal fluctuations in open Casimir geometries can induce significantly en- 
hanced thermal corrections. We illustrate the underlying mechanism with the 
aid of the inclined-plates configuration, giving rise to enhanced power-law tem- 
perature dependences compared to the parallel-plates case. In limiting cases, 
we flnd numerical evidence even for fractional power laws induced by long- 
range fluctuations. We demonstrate that thermal energy densities for open 
geometries are typically distributed over length scales of 1/T. As an impor- 
tant consequence, approximation methods for thermal corrections based on 
local energy-density estimates such as the proximity-force approximation are 
expected to become unreliable even at small surface separations. 
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1. Introduction 

Beyond its many attributes and genuine properties, the Casimir effect^"^ 
is also a phenomenon that can be dominated by long-range fluctuations. 
At flrst sight, this statement may seem surprising as many standard Casimir 
examples do not show manifest signatures of a long-range fluctuation phe- 
nomenon (such as, e.g., critical phenomena). For instance, the length scale 
of fluctuations associated with the classic Casimir effect between parallel 
plates is certainly set by the plate separation a, serving effectively as a 
long-range cutoff. 

Another seeming counter-example for the above-given statement is the 
sphere-plate conflguration at small separation distances a, which is experi- 
mentally highly relevant."' Here, the Casimir interaction energy behaves as 
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E ^ Rja? for a/i? 0, where i? is the sphere radius. It thus exhibits a sim- 
ple power law with integer coefficients that follow from a geometric scaling 
analysis known as the proximity force approximation (PFA).^ (The validity 
of this approximation in the asymptotic regime has been confirmed by an- 
alytical as well as numerical methods of quantum field theory,®"^" see also 
Ref. 11 for a solution at larger distances.) Similar geometric analyses work 
equally well for, say, electrostatic forces in the same configuration which 
are not related to any long-range fiuctuation phenomenon. 

In the present work, we argue that these examples do not reveal the 
long-range nature of the Casimir effect, as the corresponding interaction 
energies are dominated by rather localized energy densities. E.g., for the 
sphere-plate case, the dominant contribution to the Casimir force arises 
from the region between the surfaces at closest separation. By contrast, we 
present Casimir phenomena in the following where the energy density is 
distributed over a wide range of scales, such that the potential long-range 
nature of the Casimir effect becomes most prominent. 

An example of this class of phenomena is the nontrivial interplay of 
finite-temperature and geometry dependences of the Casimir effect. As first 
conjectured in Ref. 12, the thermal modifications of the Casimir effect can 
differ qualitatively for different geometries. This is because the thermal cor- 
rections arise from thermal excitations of the fiuctuation spectrum, which 
in turn depends strongly on the geometry. First analytical as well as numer- 
ical evidence of this "geothermal" interplay has been provided in Ref. 13 by 
applying the worldline formalism to a perpendicular-plates configuration. 
A detailed study of this phenomenon for the more general inclined-plates 
case has been performed in Ref. 14, the results of which will be used as a 
quantitative example for our arguments in the following. 

The purpose of the present contribution is to develop the general physics 
picture underlying the geothermal Casimir phenomena. In Sect. 2, we dis- 
cuss the origin and various general perspectives on the interplay between 
geometry and finite temperature. Section 3 briefiy summarizes the world- 
fine method which is a powerful tool to analyze this interplay quantitatively. 
Several examples will be discussed in Sect. 4, where we also present new re- 
sults for the thermal force density of specific open geometries. Conclusions 
are given in Sect. 5. 

2. Origin of geothermal Casimir phenomena 

The origin of a nontrivial interplay between geometry and temperature in 
the Casimir effect can be understood in simple terms. Consider the classical 
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parallel-plate case: as the wavelengths of the fluctuations orthogonal to the 
plates have to be commensurate with the distance a between the plates, this 
corresponding relevant part of the spectrum (^ni'^) = p'\\ + i'^''T'/a)'^ has a gap 
of wave number fcgap ~ n/a. As is obvious, e.g., from the partition function 
Z = exp(— w„(a)/T), the gapped modes are exponentially suppressed 
at small temperatures T ^ fcgap- In = 4 spacetime dimensions, the 
integration over the parallel modes py converts this exponential dependence 
into the low-temperature power law for the parallel-plate Casimir force. 
The corresponding thermal contribution to the interaction energy (apart 
from a distance-independent term) is 

AE\\iT) = ^AaT\ aT « 1, (1) 

where A denotes the plate's area. The above-given argument for a suppres- 
sion of thermal contributions applies to all geometries with a gap in the 
relevant part of the spectrum (e.g. concentric cylinders or spheres, Casimir 
pistons, etc.). These geometries are called closed. 

By contrast, open geometries with a gapless relevant part of the spec- 
trum have no such suppression of thermal contributions. Any small value 
of the temperature can always excite the low-lying modes in the spectrum. 
Therefore, we expect a generically stronger thermal contribution ^ (aT)" 
with < a < 4. 

Another argument for the fundamental difference between open and 
closed geometries and thermal corrections is the following: Eq. (1) can also 
be written as A£^||(T) = T^esB, where V = a A is the volume between the 
parallel plates, and esB is the Stefan-Boltzmann free energy density of the 
radiation field. Hence, we can understand the low-temperature correction 
in the parallel-plate case as an excluded volume effect: the thermal modes 
of the radiation field at low temperatures do not fit in between the plates, 
and therefore the corresponding volume does not contribute to the total 
thermal free energy. By contrast, open geometries by construction cannot 
be associated with any (unambiguously defined) excluded volume, such that 
significant deviations from a behavior can be expected. 

These considerations immediately point to the possibility that the ther- 
mal part of the low-temperature Casimir effect can be dominated by long- 
range fiuctuations. This is because a temperature much lower than the 
inverse distance, aT <^1, sets a new length scale which can be much larger 
as the plate distance as well as any other length scale of the geometry (such 
as a sphere radius). In closed geometries, this length scale is effectively cut 
off by the gap in the spectrum, implying the parametric suppression of 
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thermal effects. In open geometries, this length scale sets a relevant scale 
that can, for instance, reflect the spatial extent of the distribution of the 
thermal energy density. The total thermal energy thus can receive dom- 
inant contributions from long-range modes corresponding to signiflcantly 
extended thermal energy distributions. 

An important consequence can already be anticipated at this point: ap- 
proximation methods that are based on local considerations will generically 
fail to predict the correct low-temperature correction in open geometries. 
An example is given by the PFA which is based on the assumption that the 
Casimir energy can be estimated by integrating over local parallel-plates 
energy densities. Whereas this approximation may or may not work at zero 
temperature depending on the geometric details of the configuration, it is 
even conceptually questionable at finite temperature, as open geometries 
should not be approximated by closed-geometry building blocks. Quantita- 
tively, such a procedure is expected to fail, as local energy-density approx- 
imations will not be able to capture the contributions from larger length 
scales induced by long-range modes. 

The temperature-geometry interplay is not an academic problem: exper- 
imentally important configurations such as the sphere-plate or the cylinder- 
plate geometry belong to this class of open geometries, but thermal correc- 
tions have so far been approximated by the PFA. Whether or not a poten- 
tially significant geothermal interplay may exist in the relevant parameter 
range aT ~ 0.01 .. .0.1 is a technically challenging quantitative problem. 

The considerations so far have concentrated on the low-temperature 
limit. In fact, the high-temperature limit exhibits a universal linear depen- 
dence on the temperature for a simple reason. At high temperature in the 
imaginary-time formalism, only the zeroth Matsubara mode can contribute 
as all higher modes acquire thermal masses ~ ttT and hence are largely 
suppressed. The zeroth Matsubara mode has no temperature dependence 
at all, such that the only temperature dependence arises from the mea- 
sure of the fluctuation trace which is linear in T. A less technical argument 
with the same result can be based on the underlying Bose-Einstein dis- 
tribution governing the bosonic thermal fluctuations of the radiation fleld. 
This distribution increases as ~ T in the high-temperature limit, induc- 
ing this linear temperature dependence directly in the thermal energy. The 
properties of the geometry only enter the prefactor in the high-temperature 
limit. Universal features of thermal Casimir energies with an emphasis on 
the high-temperature limit have been systematically studied in Refs. 16-19. 



December 1, 2009 11:48 



WSPC - Proceedings Trim Size: 9in x 6in QFEXTOQ-GiesWeber 



3. Worldline method for the Casimir effect 

Let us briefly review the worldline approach^" to the Casimir effect as 
it is needed for the present line of argument. For the remainder of the 
paper, we consider a fluctuating massless scalar fleld satisfying Dirichlet 
boundary conditions on the Casimir surfaces. For details of the formahsm, 
see Refs. 7,14,21. Consider a conflguration E consisting of two static surfaces 
Si and S2. The worldhne representation of the Casimir interaction energy 
reads 

where D = d+ \ denotes the spacetime dimensions. The worldline functional 
obeys 6s [x] = 1 if a worldline x(r) intersects both surfaces E = Si U S2, 
and is zero otherwise. 

The expectation value in Eq. (2) is taken with respect to an ensemble 
of d-dimensional closed Gaufiian worldlines with center of mass xcm , 

r PX ... e-3/o^drx^(r) 

Equation (2) expresses the fact that all worldlines intersecting both surfaces 
do not satisfy Dirichlet boundary conditions on both surfaces. They are 
removed from the ensemble of allowed fluctuations by the functional and 
thus contribute to the negative Casimir interaction energy. The auxiliary 
propertime parameter T scales the extent of a worldline by a factor of a/T. 
Large T correspond to long-range, small T to short-range fluctuations. 

Finite temperature T = in the Matsubara formalism is equivalent 
to a compactifled Euclidean time on the interval [0,/3]. The worldlines now 
live on x R'* and can carry a winding number. Summing over all winding 
numbers, the Casimir energy (2) becomes 

1 1"°° HT / ^ „2a2\ r 
^c = ~^(^^ I ^ITI57l(^l + 2E----jydVM(es[x(r)]).(4) 

The finite-temperature worldhne formalism for static configurations thus 
boils down to an additional winding-number prefactor in front of the world- 
hne expectation value. Notice that the winding-number sum is directly re- 
lated to the standard Matsubara sum by a Poisson resummation. 

Finally, it is advantageous to rescale the worldlines such that the velocity 
distribution becomes independent of T, 
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Fig. 1. Left panel: sketch of the inclined-plates configuration. The infinite plate (dashed 
line) is rotated in the x, z plane by an angle i/p. As special cases, = corresponds to the 
configuration of one semi-infinite plate parallel to an infinite plate (fsi configuration), 
whereas = 7r/2 yields the perpendicular-plates configuration. Right panel: all relevant 
information for the evaluation of the Casimir energy (6) of inclined plates is encoded in 
the function 7m (a;), which has to be integrated from 7a;„,i„ to 7i„ax- 



where 7 = d7(t)/di. The worldhne integrals can be evaluated also numeri- 
cally by Monte Carlo methods in a straightforward manner. Various efRcient 
ab initio algorithms for generating discretized worldlines with Gaufiian ve- 
locity distribution have been developed, see, e.g., Refs. 7,22. 



4. Geothermal phenomena for inclined Casimir plates 
4.1. Inclined plates at zero temperature T — 

The inclined-plates (i.p.) configuration turns out to be an ideal work horse 
to study geothermal phenomena, in particular, the transition from open to 
closed geometries and the role of long-range fluctuations. It was studied 
in detail in Ref. 14 for general D. Very recently, results for inclined plates 
have been obtained for the electromagnetic case at zero temperature using 
scattering theory. Here, we summarize our results for £> = 4 and provide 
more details on the geometry-temperature interplay. 

The inclined-plates configuration consists of a perfectly thin semi- 
infinite plate above an infinite plate at an angle ip, see Fig. 1. The semi- 
infinite plate has an edge of length Ly. The area of the infinite plate is A. 
The Hmit Ly, ^ ^ 00 is implicitly understood. Let a be the minimal dis- 
tance between the plates. Evaluating the 9 functional for this configura- 
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tion in (2), the Casimir energy can be written as 



£;i-P-'^ csc(^) 



7i 




dx 7^,(x) ) , (6) 



where 



7,n(a::) = a:cos(v3) + sin(<^)7^„,^^(x) - 7x„,i„(<<5), (7) 
72^,„i„(v) = min (nx{t) cos(^) + 7z(i) sin(^)) . (8) 



t 

Here, the Casimir energy has been related to simple geometrical properties 
of the worldlines: "ix^iAf) measures the extent of the worldHne in the nega- 
tive X direction of a coordinate system rotated by the angle ^p, and 7z„„^(a;) 
denotes the x-dependent envelope of the worldline in positive z direction, 
see Fig. 1. Equation (6) is shown as a function of in Fig. 2. 

For = 7r/2 we rediscover the perpendicular plates result^^''^"' as a 
special case. For = 0, the integral in Eq. (6) can be done analytically 
resulting in (A'*/4) = tt'^/SO. Together with the (^-dependent prefactor, 
Eq. (6) diverges as as it should. This is because Eq. (6) corresponds 
to the energy per unit edge length, whereas for ^ the Casimir energy 
becomes proportional to the area of the semi-infinite plate. 

The result for the parallel limit Lp ^ Q has to arise from the general 
incHned-plates formula Eq. (6) , but involves a subtle limiting process which 
was performed in Ref. 14. For this Isi case, the total Casimir interaction 
energy decomposes into,^'^'^'' 

^Isi ^ ^lsi,|j ^£;lsi,cdgo^ (9) 

where eI^^'^^ /A is the usual Casimir energy per unit area of two parallel 
plates, with A now being the area of the semi-infinite plate. The subleading 
edge energy £;i>'''<='ig° arises solely due to the presence of the edge and is 
proportional to the length of the latter. For finite plates, the edge effect 
contributes to the Casimir force, effectively increasing the plates' area.^'''^^ 
The Casimir torque ZJJ.f '''' can easily be obtained from 

£,i.p.,V = £ . (10) 

Fitting the numerical data for the torque to an odd polynomial in the 
vicinity of (/s — > 7r/2, we obtain (see Fig. 2) 

— — — w 0.00329 - + 0.0038 i'^~<A ■ (H) 

J_Jy \ Z / \ Z / 
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Fig. 2. Left panel: normalized Casimir energy per edge length of the inclined-plates 
configuration, c{ip) = —2880Ec'^'''''a^ sm{ip)/n'^ Ly . The blue area corresponds to the 
PFA prediction: for the upper bound, we have used the infinite plate as a basis, for the 
lower bound the semi infinite plate, yielding cos(i^) and cos^(ip) as bounding curves, 
respectively. Right panel: normalized Casimir torque per edge length (Eq. 10) and its 
expansion around = tt/2 (Eq. (11)) and ip = (Eq. (12)), respectively. 



For the other limit (p^O, the Casimir torque diverges. The leading order, 



2880a2y32 



0.00343 



(12) 



is an excellent approximation to Eq. (10) for ip not too close to 7r/2. The 
divergent Casimir torque per length can be converted into a finite torque 
per unit area which leads to the classical result for the torque, 



^ = IS^^fx « 0.0103^. (13) 

Here, A and denote the semi-infinite plate's area and the extent in z 
direction, respectively. 

A new characteristic contribution emerges from the edge effect Eq. (9) 
which effectively changes the shape of the upper plate seen by world- 
lines, as the upper plate appears to be higher near and at the edge 
itself. This leads to a contribution which works against the standard 
torque (13). The correction to Eq. (13) emerging from the edge effect then 
is" « -(0.003660 ±0.000038)Ly/a2. 



4.2. Inclined plates at finite temperature 

Decomposing the Casimir free energy at finite temperature T = 1/(3 into 
its zero-temperature part Ec{0) and finite-temperature correction AEc{T), 



E,{T)^E,{0) + AE,{T), 



(14) 
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is straightforward in the worldline picture by using the relation (4). 
The finite-temperature correction is purely driven by the worldlines with 
nonzero winding number, whereas the complicated geometry-dependent 
part of the calculation remains the same for zero or finite temperature. 
The same statement holds for the Casimir force Fc(T) = Fc{0) + AFc{T). 

In the following, we concentrate on the low-temperature limit, aT ^ 1. 
Full expressions for arbitrary temperature can be found in Ref. 14. From di- 
mensional analysis of Eq. (14), we would naively expect the Casimir energy 
to be of the form 

EciT) = Ec{0){l + ciaT + C2{aTf + c:i{aTf + ...). (15) 

No negative exponents should appear in (15) since the thermal part of the 
energy has to disappear as T ^ 0. Generically, the T = Casimir energy 
i?c(0) diverges for surfaces approaching contact a ^ 0. From Eq. (15), 
we would naively expect the same for the thermal correction. If, however, 
sufficiently many of the first q's in Eq. (15) vanish, then the thermal part 
of the Casimir energy will be well behaved in a without a divergence for 
0. 

This is indeed the case for parallel plates (ci = C2 = 0, and i?c(0) ^ 
1/a^) and for inclined plates (ci = 0, and Ec{0) ~ 1/a^)- As a conse- 
quence, an extreme simplification arises: the thermal contribution in the 
low-temperature limit can be obtained by first taking the formal limit a = 
(only in the thermal contribution, of course). 

In the following, we argue that there is no divergence in the thermal 
contribution in the limit a ^ for general geometries: Imagine a fancy 
geometry. The a-divergent part arises from the regions near the points (or 
fines or surfaces) of contact as a — > 0. The surfaces in these regions by 
construction bend away from each other. The thermal contribution can 
now be made larger by flattening the surfaces in the contact region. Let us 
now substitute these regions by broader parallel plates. Then, the local 
thermal contribution to the Casimir energy of the original conflguration 
will be clearly smaller than the flnite thermal contribution of parallel plates. 
As the latter does not lead to divergences for a ^ 0, there can also be no 
divergence for the general curved case arising from the contact regions. Of 
course, inflnite geometries may still experience an inflnite thermal force, 
as it is the case for two inflnitely extended parallel plates, but the local 
thermal contribution to the force density will be flnite. 

Another distinct feature of low-temperature effects is the spread of the 
thermal force density over regions of size ^ 1/T even for very small sepa- 
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rations a. These effects are, of course, relevant for open geometries such as 
a sphere and cylinder above a plate. But it can also be demonstrated by 
calculating the thermal force density A/c(r, T) — fc{r, T) — /c(r, 0) for two 
perpendicular plates at a distance a = as a function of the coordinate 
r on the infinite surface measuring the distance from the edge (i.e., the 
contact point). The result can easily be obtained fully analytically on the 
woiidline,^^ yielding 



rpi T 



4 oo 



45 ^\ n4 2Th 



, (16) 



where Ai measures the extent of half a unit worldline, i.e., the distance 
measured in a; direction from the left end to the center of mass. Rescaling the 
radial coordinate r Air per worldline, the following rescaled force density 
leads to the same force upon integration over r. 



^-(n/2rTf 

45 ^ I n4 ' 2r2n2r2 




, (17) 



where we have used (Ai) = \^/2. (Equations (16) and (17) possibly differ 
by a total derivative, but both provide for a reasonable thermal force den- 
sity.) Upon integration, we obtain the thermal force of the perpendicular 
plates at a = 0, AFc(r) — — C(3) LyT'^/An in agreement with Ref. 13. In the 
limit a ^ 0, the configuration has a scale invariance, which is refiected in 
the fact that Eqs. (16, 17) remain unchanged under T — *■ Ta, r ^ r/a 
and A/c A/c/a'' for arbitrary a. That means that evaluating (16, 17) 
for say T — 1 is sufficient to infer its form at all other T. Equation (17) 
is shown for T = 1 in Fig. 3. The infiection point of each term in the n 
sum is at ro = n/TVTO. For r < 1/T\/T0 the force density stays nearly 
constant (and is equal to the first term in (16)) and rapidly goes to zero 
for r > I/Ta/TO. From this, we draw the important conclusion, that the 
region of constant force density can be made arbitrarily large in r direction 
by choosing sufficiently low T. 

Similar important consequences arise for temperature effects in other 
geometries. For example, the radial force density of a sphere above a plate 
exhibits a maximum due to the cylindric measure factor r, see Fig. 3. Al- 
though this force density is not scale invariant due to the additional dimen- 
sionful scale R (sphere radius), its maximum will nevertheless move away 
from the sphere as the temperature drops. No local approximate tools such 
as the PFA will be able to predict the correct thermal force. The fact that 
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Fig. 3. The negative rescaled thermal force density Eq. (17) for perpendicular plates 
(dashed blue line) and the negative radial thermal force density for a sphere of radius 
R = I above an infinite plate (solid red line) for T = 1. The thermal force density in the 
sphere-plate case has a maximum of ~ 27r x n'^ /90, where the factor 2n arises from the 
cylindrical measure. Note that a considerable fraction of the force density lies outside 
the sphere which only extends to r = 1. As temperature drops, the maximum moves 
monotonously to the right. 

the force density is not scale invariant leads to different temperature be- 
haviors for T < 1/R and T > 1/R even in the Hmit a 0.^^ 

Let us now compare the low-temperature limit of the Casimir energy 
of two incHned plates with that of two parallel plates. For {aT) 0, the 
correction AEc to the well-known parallel-plates energy reads 

- °) = + ^ . -0.0957T3 + 0.110.T^ (18) 

A An 90 

Note that only the term contributes to the force. The thermal correction 
to the inclined-plates energy is much more sensitive to temperature, 

Ly 24sin((/3) 47rsin((/3)' 

where c^,To was calculated numerically in Ref. 14 as a function of (p. 
Only the second term, which is a purely analytical result, contributes to 
the force. Equation (19) is the generalization of a result for perpendicular 
plates, ip = n/2, see Ref. 13. 

Equation (19), being an energy per edge length, diverges as ^ 0. 
As in Eq. (9), it has to be replaced by the energy of a semi-infinite plate 
above a parallel one, E^'^'iT) = £;i>5i.'=dgc(y) ^ Ec^'^'Ht)- The thermal part 
of E'c''''" (T) is as in Eq. (18), where A is the area of the semi-infinite plate. 
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The leading thermal correction to the edge effect AE^'^^''^'^^°{T) reads 

Aj;isi,cdge(r) ^ _ ^ om3a' '^T' '\ (20) 

Ly 24: 

We find that the low-temperature regime of the Isi edge effect is well de- 
scribed by a non-integer power law, AF(?'''''"^s'' ^ T^-"^*, where the fractional 
exponent arises from the geometry-temperature interplay in this open ge- 
ometry. Of course, our numerical analysis cannot guarantee to determine 
the true asymptotic behavior in the limit aT 0, but our data in the 
low-temperature domain 0.01 < aT < 0.4 are well fitted by the non-integer 
scaHng also at higher fit orders. This result is very reminiscent to non- 
integer exponents known from critical phenomena. In both cases, this result 
arises from fluctuation contributions on all length scales, clearly reveahng 
the long-range nature of both phenomena. Note that the leading tempera- 
ture exponent of the Isi geometry is between the parallel-plates exponent 
4 and the incHned-plates exponent 3, reflecting the fact that thermal prop- 
erties of the Isi geometry lie between those of the parallel and inclined 
plates. 

The long-range nature of Casimir phenomena becomes also visible at 
the thermal correction to the torque. This is immediately transparent 
from Eq. (19). Whereas the a-independent first term of Eq. (19) does 
not contribute to the force, both terms in Eq. (19) contribute to the low- 
temperature Hmit of the Casimir torque, the thermal contribution being 
dA£'^ P-''^(T)/dv3. Concentrating on the limit aT for small deviations 
from the perpendicular-plates case, if = Tr/2— Sip, an expansion to first 
order in Sip yields: 

^^i.p.,¥'=V2-5v(Qy ^ o)/Ly = (0.0716 - 0m57aT)T^Sip. (21) 

In the validity regime of the low-temperature expansion, aT <ti 1, the pos- 
itive first term is always dominant, hence the perpendicular-plates case 
remains a repulsive fixed point. Most importantly, we would like to stress 
that the quadratic dependence of the torque on the temperature ^ 
(~ ijj the general case) for the inclined-plates configuration repre- 

sents the strongest temperature dependence of all observables discussed 
here. 

5. Conclusions 

A nontrivial interplay between finite temperature fiuctuations and the ge- 
ometry of a configuration can give rise to a variety of qualitatively differ- 
ent thermal corrections to Casimir phenomena. This effect becomes most 
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pronounced in geometries where the relevant part of the spectrum is gap- 
less. In these so-called open geometries, any small value of the temperature 
can excite low-lying thermal modes, giving rise to thermal corrections. By 
contrast, a gap in the relevant part of the spectrum of closed geometries 
suppresses thermal excitations at low temperature. 

In the present work, we have developed the general picture underly- 
ing these geothermal Casimir phenomena. Open geometries, for instance, 
support a stronger influence of long-range fluctuations on thermal Casimir 
phenomena. We have illustrated the underlying mechanisms with the aid 
of the inclined-plates conflguration and also presented flrst results for the 
experimentally important sphere-plate configuration. 

Furthermore, we have presented a general argument that low- 
temperature corrections to Casimir forces become much more easily ac- 
cessible by taking the (formal) contact limit a (only for the thermal 
contributions), as thermal corrections remain well behaved in this Hmit. 
Whereas the existence of this limit is well known for parallel plates, we 
have argued that the same result holds for general geometries. The exis- 
tence of this limit is also a reason why thermal corrections, for instance, in 
the perpendicular-plate case can be determined analytically. We expect that 
this observation will be useful for many other geometries as well. This should 
lead to practical simplifications also in other field theory approaches such as 
functional-integral approaches, ^^'^^ scattering theory,^*"^^ and mode sum- 
mation.^^ 

This particular geothermal interplay which we have observed in the 
context of the Casimir effect is certainly not restricted to Casimir physics. 
The crucial ingredients are a gapless fluctuation spectrum (though small 
gaps may not necessarily exert a strong quantitative influence) in a spatially 
inhomogeneous background. We expect that similar phenomena can occur 
for the thermal response of a system with an inhomogeneous condensate 
and an (almost) gapless fluctuation spectrum. 

We conclude with the remark the geothermal interplay is only one out 
of several highly nontrivial interferences between deviations from the ideal 
Casimir limit. For instance, the interplay between dielectric material prop- 
erties and flnite temperature^"* is still a subject of intense theoretical investi- 
gations and has created a long-standing controversy.^^"^^ Also the interplay 
between dielectric properties and geometry has been shown to lead to signif- 
icant deviations from ideal curvature effects as well.""^ All this exemplifles 
that a profound understanding of the Casimir effect requires a thorough 
quantum field theoretic basis. 
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